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We investigate a one dimensional quantum fluid coupled to a dissipative bath. The quantum
fluid is captured by the canonical Luttinger liquid; the bath is given by the model of Caldeira
and Leggett, i.e. a tower of oscillators coupled linearly to the fluid density, ρ. The bath can be
integrated out exactly, producing an effective interaction for the fluid that is nonlocal in time; we
argue that the form corresponding to Ohmic dissipation is generic. Compared to previous works,
we compute correlation functions for this minimal model without approximation, including at finite
temperature T > 0. From these and a Kubo calculation, we conclude that arbitrary dissipation
destroys the perfect conductivity of the Luttinger liquid via Zeno localization, even in the absence
of a spatial potential; from RG analysis of harmonic terms, we also find that the open Luttinger
liquid is significantly more prone to localization by such potentials, in contrast to the usual intuition
that baths make systems less localized.
I. INTRODUCTION
The ability to realize quantum systems that are well
isolated from their environment has led to new efforts to
understand how such systems thermalize. The Eigenstate
Thermalization Hypothesis (ETH)1,2 provides a mecha-
nism for part of an isolated system to equilibrate with the
rest, which acts as a bath (thermal reservoir), to repro-
duce the familiar results of statistical mechanics. These
efforts have also revealed classes of non-ergodic systems
that do not thermalize per ETH.
In practice, no experiment can remain isolated
forever3–5, which motivates careful theoretical study of
the environment itself6–9. Such studies have focused pri-
marily on Markovian (i.e. memoryless) baths, whose ac-
tion is history-independent; such baths generally delocal-
ize systems, rendering them more thermal7.
A fundamental result of ETH is that the mechanism
for thermalization of a [sub-]system is entanglement be-
tween the ‘system’ and ‘bath’1,2. Thus, a Markovian
bath—which foregoes any description of the bath itself—
necessarily overlooks this key aspect of thermalization.
In fact, the failure of quantum systems to thermalize
is highly dependent on such details; hence, Markovian
baths may not be ideal for understanding possible dy-
namics beyond outright thermalization.
To gain insight into alternative behavior in the pres-
ence of baths, we turn to techniques used to study
quantum dissipation; in particular, the model pioneered
by Caldeira and Leggett (CL)10,11 and used in numer-
ous subsequent works12–17. Although CL baths are de-
signed to thermalize a system (c.f. a standard Keldysh
calculation18), recent work has shown that it is nonethe-
less possible for system coupled to these baths to feature
dynamical properties reminiscent of localization13,16,17.
A single particle, moving in a harmonic potential land-
scape in the presence of such dissipation will undergo
a dynamical localization transition as the dissipation
strength is increased13, and the decohering effect of the
bath results in effective Zeno localization19 to one of the
potential wells; recently, it was shown that the inclusion
of a second, incommensurate potential will destroy the
delocalized phase entirely, for arbitrary non-zero coupling
to the bath17.
Most studies of CL baths involve non-interacting
systems, or a single particle; despite these simplified
settings, such systems can nonetheless exhibit phase
transitions12,13,15,20–25. However, exact results for inter-
acting systems have remained largely elusive.
In this work, we consider the effect of such a dissipative
bath on an interacting, one-dimensional quantum system,
which in various limits may represent any of a number
of experiments. Taking the system to be somewhat insu-
lated from its environment, one expects the bath to have
a weak, dissipative effect thereupon, motivating the use
of the CL formalism. Since the CL bath equilibrates with
the system, we exploit standard equilibrium methods to
examine the low-temperature properties of the combined
system and bath, and also obtain results for arbitrary
T > 0 using the Matsubara formalism.
At long wavelengths, the physics of fluids comprising
either boson or fermion degrees of freedom (d.o.f.) is cap-
tured by the paradigmatic Luttinger liquid26–32. The
bare action (1) for this system is quadratic in a scalar,
bosonic ‘displacement’ field, φ (x, τ), related to fluctua-
tions of the density. Depending on microscopic details,
there may also be corrections of the form cos [mφ (x, τ)],
for various harmonics m, which may correspond to spa-
tial potentials, Umklapp processes, etc. We comment on
the physical relevance of these terms using correlation
functions and a renormalization group (RG) analysis.
Regarding the partition function of the Lut-
tinger liquid and bath, we can trace out the bath
d.o.f. exactly10–17,33 to obtain an effective theory for the
Luttinger liquid16,34–40. The primary result will be the
creation of a temporally non-local density-density inter-
action term, which is also quadratic in φ. Hence, we
are able to compute various two-point correlation func-
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2tions of φ nonperturbatively. Comparing these correla-
tion functions to those of the ‘closed’ Luttinger liquid, we
find that the dissipative bath destroys the perfect metal-
lic conductivity of the Luttinger liquid, and also makes
cosine terms far more relevant, in agreement with Ref.
36. The latter renders the system more sensitive to spa-
tial potentials coupling to the density, as well as back-
scattering processes, each of which further localizes the
system. Although the CL bath thermalizes with the Lut-
tinger liquid, in surprising contrast to Markovian baths,
the decohering effect of the CL bath renders the Lut-
tinger liquid more localized.
II. MODEL
The ‘system’ is a quantum fluid in a one dimensional
ring of length L. For concreteness, we take the fluid’s mi-
croscopic d.o.f. to be fermions, though our results should
hold for bosons as well31. In one dimension, the coarse
grained theory of either is the Luttinger liquid26–32, with
Euclidean action
SLL =
~u
2piK
β~∫
0
dτ
L/2∫
−L/2
dx
((
1
u
∂τφ
)2
+ (∂xφ)
2
)
, (1)
where the velocity, u, and stiffness, K, are given by
u ≡
[(
vF + g4
)2
− g22
]1/2
, K ≡
[
vF + g4 − g2
vF + g4 + g2
]1/2
,(2)
where for spinless fermions, g2 is the small-q matrix ele-
ment of the interaction between fermions near opposite
Fermi points, and g4 corresponds to fermions near the
same Fermi point30,31. We have taken the usual limit
of δ-function interactions, but it is possible to treat any
sufficiently short-ranged interaction30.
The field φ is related to the fermion density via
ρ (x) = − 1
pi
∇φ (x) + 1
piα
cos
[
2kFx− 2φ (x)
]
+ . . . , (3)
where we have omitted higher harmonics of φ41, and α
is a vanishing length scale (UV cutoff). The conjugate
momentum to φ is Π = pi−1∇θ, proportional to the cur-
rent. An equivalent action is given by replacing φ ↔ θ
and K ↔ K−1 in (1).
In general, other terms in (1) are possible, e.g. if one
considers curvature of the electron dispersion ε (k), or
various potentials that couple to the harmonic parts of
the density (3). We neglect these at long wavelengths30,31
to highlight the leading alteration to the Luttinger liquid
induced by dissipation. We consider the most relevant of
these corrections using perturbative RG in Sec. VI.
The full model consists of the action (1) for the ‘sys-
tem’, that of the oscillator bath, SB , and a coupling, SC ,
between the two:
Sfull [φ, ϕ] = SLL [φ] + SB [ϕ] + SC [φ, ϕ] , (4)
where in the continuum one has10–12,14,15
SB [ϕ] =
1
2
β~∫
0
dτ
L/2∫
−L/2
dx
((
1
c
∂τϕ
)2
+ (∂xϕ)
2
)
, (5)
for some velocity c. The system-bath coupling is linear
in both the density, ρ (3) and the bath field, ϕ,
SC [φ, ϕ] =
β~∫
0
dτ
L/2∫
−L/2
dxλ (x) ρ (x) ∂xϕ . (6)
for arbitrary λ. Generally, our analysis will not be sen-
sitive to microscopic details of either SB (5) or SC (6),
i.e. c and λ(x); however some details are essential for
the elimination of the bath d.o.f. to be tractable. To wit,
we require SB (5) to be quadratic, and that SC (6) be
linear at least in the bath field ϕ. Both stipulations are
inherent to the CL model; and most naturally captured
by (5) and (6).
Regarding the corresponding partition function Z =
Tr
{
e−SLL−SB−SC
}
, we can integrate (or trace) out the
bath d.o.f., ϕ, to obtain a modified theory for the Lut-
tinger liquid10–15,33. This results in an “effective” term
Seff [φ] being added to SLL (1), which will also be bilinear
in φ, to produce the Gaussian action
S0 [φ] = SLL [φ] + Seff [φ] . (7)
This relies crucially on the linearity of (6) in both ϕ and
ρ ∼ − 1pi∇φ, and SB being quadratic in ϕ; because this
term results from Gaussian integration over ϕ (x, τ), it
will always be non-local in time14–16,34–40.
In simpler models—where the “system” consists of a
single d.o.f., e.g. the position of a particle or a two-level
system10–15—one makes a particular Ansatz for the bath
spectral function. Because SB is Gaussian, this choice
corresponds directly to a particular coupling J (k, ω) (in
Fourier space) for the non-local term Seff (8). Absent
such an Ansatz, S0 would be sensitive to non-generic mi-
croscopic details of the bath; additionally, this choice af-
fects only the ω- and k-dependence of the coefficient J
of the term(s) in Seff , whereas bilinearity in φ and tem-
poral non-locality are jointly guaranteed by the linear
and quadratic nature of (6) and SB in ϕ, respectively.
Following this standard practice in the treatment of CL
baths10–15, we assert some spectral function (i.e. cou-
pling J (k, ω) in Seff), and invoke RG relevance to con-
strain which forms merit consideration.
Thus, in general, one expects a term of the form16,36
Seff [φ] = J (k, ω) |φω,k|2 . (8)
Taylor expanding J in ω and k recovers a sum of terms
Jm,n |ω|m |k|n. Terms with m + n > 2 are irrelevant in
the RG sense, vanishing at long wavelengths. Terms with
m + n = 2 are marginal, i.e. fixed under the RG, and
trivially modify the Luttinger liquid’s velocity, u, and
stiffness, K. Since CL baths generate interactions that
3are nonlocal in time, there should be at least one power
of ω; thus, we restrict to the “Ohmic” form, J ∝ |ω|, to
capture the relevant, non-trivial physics of the bath42, as
established in Ref. 36. We add to SLL (1) the term
Seff [φ] =
~ η
2pi
∫
dk
∫
dω |ω| |φk,ω|2 , (9)
and restrict to η ≥ 010,11,13,16,17,36–39.
A quadratic term of the form (9) will always be present
in the presence of dissipation, however in general other
terms in Seff may be realized upon integrating out the
bath16,36–39. In particular, for spinless fermions, ρ in-
cludes harmonics of φ (3); if the full form of ρ is cou-
pled to the bath, one expects a temporally non-local
term∝ csc2 (τ − τ ′) cos [φ (x, τ)− φ (x, τ ′)], and possibly
higher harmonics36,37. However, the important physics of
dissipation is already captured by the quadratic term (9),
and not only can we not treat the cosine term exactly,
but its non-local nature complicates slightly the use of
RG techniques, which are generally local.
Thus, taking β~ and L finite for generality, the effective
action for the Luttinger liquid with the bath d.o.f. inte-
grated out takes the form
S0 =
∑
k,ωn
u2k2 + ω2n + uKJ (k, ωn)
2pi uK β L
|φ (k, ωn)|2 , (10)
as appears in Ref. 36. For analytic J , we invoke RG
relevance and the arguments above to restrict our con-
sideration to J (k, ωn) = η |ωn| (9) in the remainder.
III. TWO-POINT CORRELATION FUNCTIONS
The Luttinger liquid’s Gaussian action (1) allows for
the computation of many physical properties directly
from two point correlation functions, 〈φ (x, τ)φ (0, 0)〉.
Thus, most of the calculational “heavy lifting” will be
contained in this section, as we recover analytic solutions
for the two point function without further approximation,
even at non-zero temperature. We define the following:
F (x, τ) = K−1
〈
[φ (x, τ)− φ (0, 0)]2
〉
(11)
=
2piu
β~L
∑
k
∑
ωn
1− cos (kx+ ωnτ)
u2k2 + ω2n + uKJ (k, ωn)
(12)
G (x, τ) = K−1 〈φ (x, τ)φ (0, 0)〉 (13)
=
piu
β~L
∑
k
∑
ωn
cos (kx+ ωnτ)
u2k2 + ω2n + uKJ (k, ωn)
, (14)
such that
F (x, τ) = 2G (0, 0)− 2G (x, τ) , (15)
where strictly speaking, G (0, 0) is evaluated by first send-
ing x, uτ → α, and subsequently taking the limit α → 0
where safe31. The parameter α is like a lattice spacing,
and α−1 = Λ is a UV cutoff.
We calculate these correlation functions following the
same procedure as for the Luttinger liquid without dis-
sipation (i.e. η = 0)31. Surprisingly, we find exact so-
lutions for both G (x, τ) and F (x, τ) for arbitrary T .
Because the calculation is standard, and the results ob-
tained are exact, we relegate the mathematical derivation
to Appendix A. We also confirm that taking η → 0 re-
produces the known results for the standard case in Ap-
pendix C. Finally, while we do not write them down ex-
plicitly, we note that single particle correlation functions
obtain directly from the results of this section, combined
with those for the ‘closed’ Luttinger liquid31 (Appendix
C). All of the results presented in this section correspond
to the L→∞ limit, with J (k, ω) = η |ω|.
A. Zero temperature correlation functions
At zero temperature, we send β → ∞, simplifying
the calculation in Appendix A, as the sums over Mat-
subara frequencies in (11-14) become integrals. Regard-
ing (A11), all of the terms containing factors e−mβ...
for m ≥ 1 will vanish as β → ∞, leaving only the β-
independent terms. Thus, we have
G (x, τ) =
∞∑
n=0
e−η˜ u|τ |
2n!
(−η˜ x2
2u |τ |
)n
Kn [η˜ u |τ |] , (16)
where Kn is a modified Bessel function of the second
kind, and we use the shorthand
η˜ ≡ η K/2 (17)
throughout. Unlike the closed Luttinger liquid, the cor-
relation function G is not divergent in general. In most
regimes, the sum over n converges rapidly; in all cases,
G decays sharply to zero for x, uτ & η˜−1.
The correlation function F is given straightforwardly
from the above using the relation (15) and the derivation
of G (0, 0) in Appendix B. We have at zero temperature
F (x, τ) =
−γ − ln η˜ α
2
−
∞∑
n=0
e−η˜ u|τ |
n!
(−η˜x2
2u |τ |
)n
Kn [η˜u |τ |] , (18)
where γ is the Euler-Mascheroni constant, and implicit
is the limit α→ 0.
Although these results are exact—in the sense that no
approximations were necessary beyond those outlined in
our formulation of the model in Sec. II—it is worth con-
sidering approximate forms of (16) corresponding to var-
ious physical regimes. A handful of limits can be taken
straightforwardly; however, some must be analyzed with
additional care. For example, the limits of η → 0 and
τ → 0 should not be taken independently of any others,
and the limit x→∞ can only be taken along with some
limit of η or τ .
4a. Long time limit.— Perhaps the most natural; in
the limit of large argument, one has for the Bessel func-
tion in (16)
lim
z→∞Kν (z) =
√
pi
2z
e−z , (19)
and inserting this into the definition of G (x, τ) (16) gives
G (x, τ) ≈
√
pi
8η˜ u |τ | exp
(
−2η˜u |τ | − η˜ x
2
2u |τ |
)
, (20)
where clearly the conformal invariance of the η = 0 Lut-
tinger liquid has been destroyed. The exponential decay
in t suppresses correlations for η˜uτ & 1; the remaining
factors in (20) resemble a diffusion kernel, with diffusion
constant ∝ u/η˜. Thus, a non-zero density introduced at
the origin, x = 0, at time τ = 0 will spread diffusively un-
der the combined system and bath dynamics (10), with
exponential suppression on a time scale 1/uη˜.
b. Auto-correlation limit.— Also of interest is the
limit x → 0, corresponding to a temporal auto-
correlation function. Only the n = 0 term in the sum
in (16) survives, i.e.
G (0, τ) =
e−η˜ u|τ |
2
K0 [η˜ u |τ |] . (21)
For nonzero x  1, we retain terms with 1 < n < n∗,
resulting in an expansion to order x2n∗ ; we then expand
in the Bessel function’s argument for further insight.
The small argument limit is uninteresting: the result
is parametrically close in x, τ to G(0, 0) (B2). At τ =
0, we reinstate the α-dependent convergence factor, per
Appendix B, and expand in z = η˜ u |τ |
K0 (z)→
∞∑
k=0
(z/2)
2k
(k!)
2
(
ψ (k + 1)− ln
(z
2
))
, (22)
where ψ is the DiGamma function. Higher order correc-
tions can be found following Appendices B and D.
The late time limit is unambiguous:
lim
τ→∞G (0, τ) = 0 , (23)
referred to as “seizing of the vacuum”16,43. One can show
that (23) holds for real time t starting from (14) with
τ = it, using contour integrals rotated 90◦ in the complex
plane, or by analytic continuation of (16) to real time.
This seizing signals localization of the fermion d.o.f.16,43,
and will be discussed in Sec. IV.
c. Various interaction limits.— Details of the bare
interactions in the Luttinger liquid are encoded in the
velocity, u, and Luttinger parameter, K, via the param-
eters g2,4 in (2). The limit K → 1 corresponds to free
fermions; other limits, such as K → 0 and K →∞, may
be realized experimentally. Referring to the action (1),
the Luttinger liquid may be described in terms of either
the field φ or its dual, θ; the corresponding bare actions
(1) have overall coefficient K−1 and K, respectively. The
two-point functions of φ and θ correspond to the func-
tions G,F , as the case may be, multiplied by K and K−1,
respectively. In the extreme limits K → 0 and K−1 → 0,
one of these will be zero and the other infinite: na¨ıvely,
dissipation is unimportant in either limit; however, con-
sideration of these scenarios likely requires a more careful
treatment beyond the scope of this work.
Curiously, nothing in particular happens to (16) in the
free fermion limit, K = 1. Rather, it seems any interest-
ing interaction effects must be encoded in cos [φ] terms of
the type mentioned in Sec. II, which we examine in Sec.
VI. Otherwise, the non-interacting limit merely amounts
to a specific value of η˜ = η/2 and u = vF , the Fermi
velocity, with nothing remarkable at the level of density-
density correlations.
d. Weak coupling regime.— Expansion of (16) to
O(η) is straightforward, as detailed in Appendix D. Let
us consider F (x, τ) to order η2: at lowest order we re-
cover the dissipationless result (see Appendix C),
F (x, τ) =
1
2
ln
[
x2 + u2τ2
α2
]
, (24)
then corrections from the factor exp (−η˜u |τ |),
+
(
1
2
η˜2u2τ2 − η˜u |τ |
)(
γ +
1
2
ln
[
r2
])
, (25)
and finally, from the Bessel function
+
η˜2
4
(
x2 + u2τ2
)(
γ − 1 + 1
2
ln
x2 + u2τ2
4α2
)
, (26)
and we note that to order η˜2 ∝ η2, only the terms arising
from expansion of the overall factor exp (−η˜u |τ |) spoil
the conformal invariance present for η = 0.
B. Finite temperature correlation functions
As shown in Appendix A, finite temperature correla-
tions are no more difficult to obtain. For T > 0, G (x, τ)
and F (x, τ) contain the respective terms (16) and (18)
present at T = 0, i.e.
G (x, τ ;T ) = G (x, τ ; 0) +
∞∑
m=1
∑
±
G (x,mβ~± |τ |) ,(27)
withG (x, τ ; 0) given by (16). The dominant contribution
at high temperature corresponds to m = 1.
By analogy, we obtain F (x, τ ;T ) by adding to
F (x, τ ; 0) (18) the terms
∞∑
m=1,
±
{
e−η˜umβ~
2
K0 [η˜umβ~]− 2G (x,mβ~± |τ |)
}
,(28)
which is difficult to parse, even restricted to m = 1. Note
that exponential factors in G and F that grow (rather
than decay) in |τ | are at most unity, since 0 ≤ τ < β~.
5As for T = 0, one can evaluate a number of physical
limits for T > 0; however, apart from the results of Sec.
III A, which are still present for T > 0, little can be said
about the finite temperature terms in the limits consid-
ered in Sec. III A without expanding in T . Since the
Luttinger liquid picture breaks down at high energies,
only the low temperature limit is reasonable; that limit
is well-captured by the results of Sec. III A.
Additionally, it is unclear how (or whether) to take
the τ → ∞ limit of expressions involving mβ~ − |τ |,
since our recovery of Bessel functions Kn [z] is only valid
if Re (z) > 0. Given that 0 ≤ τ ≤ β~, this does not
pose an issue for the result itself; however, for finite β,
the “long time” limit is more subtle. For the purposes of
transport and “seizing”, we are interested in the limit of
real time t→∞, which we will address e.g. in Sec. IV.
C. Vertex operator correlations
In this section we consider two-point functions of
“vertex operators”, related, e.g., to the fermion cre-
ation/annihilation operators. These are exponential cor-
relation functions of the form
C (x, τ ;m) =
1
(2piα)
2
〈
eimφ(x,τ)e−imφ(0,0)
〉
(29)
=
1
(2piα)
2 exp
{
−Km
2
2
F (x, τ)
}
, (30)
where F is given by (18) for T = 0 and (28) for T > 0.
Unlike the closed Luttinger liquid (η = 0), the absence
of a constant, divergent term in G (x, τ) for η > 0 allows
for vertex operator correlations of the form〈
ei
∑
k Aj φ(xj ,τj)
〉
to be non-zero even for
∑
k Aj 6= 0. This will affect the
use of standard techniques, e.g. Giamarchi-Schulz RG44,
for cos [mφ] terms perturbing the action (1).
Let us compare C (x, τ) to its η = 0 form, C0 (x, τ);
taking T = 0 and m = 2 for the first harmonic, to order
η2 (see Sec. III A and App. D) one has
Cη (x, τ) = C0 (x, τ) e
Kη˜2(x2+u2τ2)/2
×
(
4e−2γ
x2 + u2τ2
)Kη˜2
4 (3u
2τ2+x2−4u|τ |/η˜)
, (31)
where analysis of the behavior as x, τ → ∞ is compli-
cated by competing terms.
However, we can see the limiting behavior at large dis-
tances [times] directly from (30). For C (x, τ) of the form
(29), note that F (x, τ) vanishes as either x, τ →∞ faster
than x−2 or (uτ)−2. In contrast to the dissipationless
case, C (x, τ)→ 1, rather than zero, for large x or τ .
Because dissipation (8) destroys the conformal invari-
ance of (1), we cannot simply read off RG relevance of
cos [mφ] terms perturbing (1) from the scaling dimen-
sion of their correlations, C (x, τ). Nevertheless, because
G (x, τ) is finite as its arguments approach infinity, one
expects that dissipation will generally render such cosine
terms more relevant than for η = 0, since their correla-
tions no longer vanish at long wavelengths.
IV. SEIZING OF THE VACUUM
An earlier prediction for Luttinger liquids coupled to a
CL bath16 is a property termed seizing of the vacuum43,
corresponding to localization of the bare fermion d.o.f. at
T = 0. Quantitatively, this is indicated by
lim
t→∞G (0, t) = 0 , (32)
for real time, t, and G evaluated at T = 0. This effect
was reported in Ref. 16 for a similar model; the exact
solutions of Sec III confirm this property definitively.
It is easy to verify that the Euclidean time correlation
function G (0, τ) → 0 as τ → ∞ without caveat. Us-
ing analytic continuation, i.e. |τ | = τ sgn τ , and thus
|τ |2 = τ2 = (it)2 = −t2, we note that |τ |−nKn [η˜u |τ |]
has a series expansion involving only even powers of τ .
Using this, we can take the limit t → ∞ safely, finding
that the summand in (16) goes to zero, even without the
help of the exponential decay exp (−η˜u |τ |). Addition-
ally, it is possible to repeat the proceedings of Appendix
A for real time t, which requires the use of a rotated con-
tour compared to Euclidean time derivation; nonetheless,
taking x→ 0, one recovers an expression that unambigu-
ously vanishes at large times, t→∞.
Surprisingly, this behavior is not limited to the vac-
uum: the “seizing” effect, characterized by (32), also
holds for finite temperature T > 0, and thus is present
in excited states as well. As for T = 0, this can be seen
either by analytic continuation of G (x, τ) to real time, or
by reproducing the calculation of G entirely for real time
t. The latter requires taking x = 0 at the outset, and
taking t → ∞ when safe. At finite β, the t-dependence
dominates, and we see that G→ 0; as β →∞, one recov-
ers the T = 0 result, which also corresponds to seizing.
Hence, we conclude that this effect is not limited to the
ground state, but is present throughout the spectrum.
However, at very high temperatures, one expects both a
breakdown of the bosonization procedure itself, and for
thermal fluctuations to outweigh this effect.
V. CONDUCTIVITY
We can also see evidence of localization from a trans-
port calculation using the Kubo formula. Restricting
to 1d fermions with electron charge e, the charge den-
sity is ρ = − epi∇φ + . . . ; using the continuity equation,
∂tρ+∇j = 0, we have
j (x, t) =
e
pi
∂tφ (x, t) , (33)
6in the limit of vanishing source, from which we can com-
pute the current in the presence of a weak source using
linear response. The source will be a weak electric field
oriented along the wire, given by E (t) = E0e
−i(ω+iδ)t,
where δ is a small, positive real number inserted for con-
vergence purposes. Writing E = −∂tA, where A is the
1d vector potential, we invoke Ohm’s law
j (q, ω) = σ (q, ω)E (q, ω) , (34)
where we will take q → 0 to highlight the frequency de-
pendence, and j on the LHS is given by the expectation
value of the current operator (33), which we compute
using the Kubo formula,
〈j (x, t)〉 = 〈j (x, t)〉0 + δ 〈j (x, t)〉 . (35)
The first term in (35) is proportional to the source, A1,
〈j (x, τ)〉0 = DA1 (x, τ) = −
e2uK
pi~
A1 (x, τ) , (36)
known as the “diamagnetic” contribution. Going to
Fourier space, the second term is given by
δj (q, ω) = χ (q;ω)A1 (q, ω) , (37)
and we can write Ohm’s law (34)
σ (q, ω) =
j (q, ω)
E (q, ω)
=
D + χ (q, ω)
i (ω + iδ)
. (38)
We next solve for χ, which is a current-current correlation
function:
χ (q, ωn) = −e
2ω2n
pi2~
〈
φ∗q,ωnφq,ωn
〉−D , (39)
and inserting this into (38), and analytically continuing
iωn = ω + iδ with δ = 0
+ one finds
σ (q, ω) =
e2
pi2i~
(ω + iδ)
〈
φ∗q,ωnφq,ωn
〉
(40)
σ (q, ωn) =
e2ωn
pi2~
piuK
u2q2 + ω2n + ηuK |ωn|
, (41)
and taking q → 0, we recover the dc conductivity by
further taking the limit ω → 0, i.e.
σ (ω → 0) = e
2uK
pi~
1
δ − iω + ηuK sgn (δ − iω)
=
e2
pi~η sgn (δ)
=
e2
pi~η
, (42)
which is finite. We also note a relation between (42) and
the condition for seizing, as discussed in Sec. IV.
This result (42) contrasts sharply with the infinite con-
ductivity of the closed Luttinger liquid as q, ω → 0. This
result does recover for η → 0. Hence, we find further ev-
idence that the dissipative bath localizes the underlying
fermion excitations of the Luttinger liquid.
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FIG. 1. RG flow in the λ, 1/K plane, for various values
of the dissipation strength, η; λ is the strength of the most
relevant harmonic, corresponding to m = 2 in (43). We take
the velocity u and the coefficient C in (53) to be unity; for
η = 0, the Kosterlitz-Thouless transition corresponds to 1/K∗
= 1/2. The panels a through d correspond respectively to
αη = 10−3, 10−1, 1/2, and 1, where α = 1/Λ is a UV cut-
off; note horizontal axis is different in each panel, the critical
values 1/K∗ in each are roughly 0.47, 0.42, 0.2, and finally,
0.06 for η = Λ. Under the RG, η grows exponentially from
its initial value, independent of λ and K; for η up to roughly
one tenth the cutoff (panel b), the alteration to the dissipa-
tionless phase diagram is rather slight; for η & Λ/2, we find
a marked enhancement in the region of parameter space for
which harmonic terms are relevant.
VI. RELEVANCE OF HARMONIC TERMS
We now consider the relevance of generic cosine terms,
omitted from (1), using standard momentum-shell RG.
Our starting point is the action S0, defined in (7) and
(10), which contains the relevant, non-harmonic terms
that one recovers after integrating out the bath d.o.f..
We add to this a generic harmonic term of the form
S1 [φ] = uλm
β~∫
0
dτ
L/2∫
−L/2
dx cos [mφ (x, τ)] , (43)
where m ∈ N specifies the harmonic: m = 2 is the first to
appear in the density (3); an Umklapp (back-scattering)
term corresponds to m = 4 (these will be multiples of
two due to our convention). We defer analysis of multiple
harmonics to future work.
We take L, β → ∞ so the action (10) has an integral
7form in Fourier space as well,
S0 =
Ω∫
−Ω
dω
2pi
Λ∫
−Λ
dk
2pi
u2k2 + ω2 + ηKu |ω|
2piuK
|φ (k, ω)|2 ,(44)
where Ω = u/α and Λ = 1/α are frequency and momen-
tum cutoffs, respectively.
The RG is implemented by separating the field
φ (k, ω) = φs (k, ω) + φf (k, ω), with ‘fast’ modes living
in an annulus in the momentum-frequency plane corre-
sponding to (bα)
−1
< q < α−1, and all other modes
‘slow’. Note q =
√
k2 + ω2/u2, α is our usual short-
distance cutoff, and b = e` ≥ 1 quantifies the extent of
the coarse graining. For a given term, we trace out the
‘fast’ modes, and then rescale frequency, momentum, and
the fields themselves to obtain an effective theory of the
slow d.o.f.. The rescaling (ω˜ = bω, k˜ = bk) is determined
by the requirement that the ‘fixed’ part of the action,
S0 remain unchanged under the RG, which requires that
ω and k have the same b, and results immediately in a
rescaled coupling η˜ = bη and rescaled field φ˜ given by
φ˜
(
k˜, ω˜
)
= b−2φs (k, ω). In real space, one has x˜ = x/b,
τ˜ = τ/b, and φ˜ (x˜, τ˜) = φs (x, τ).
We now have the scaling of η; the RG for all other
terms follows from the usual, η = 0 case. We perform a
cumulant expansion of S1 to order λ
2
m, which for η = 0,
gives rise to standard Kosterlitz-Thouless RG flow31. All
other differences compared to the closed case arise from
modification of the ‘fast’ two point function, taken with
respect to S0, which includes also the quadratic dissi-
pation term. That function, KG0,f =
〈
φ2f (x, τ)
〉
0,f
is
given by
G0,f (x, τ) =
x
|ω|,|k|∈f
dω
2pi
dk
2pi
piu cos (kx+ ωτ)
u2k2 + ω2 + uηK |ω| ,(45)
which taking x = r cos θ, uτ = r sin θ, k = q cosψ, ω =
uq sinψ, becomes
G0,f (x, τ) =
1
4pi
Λ∫
Λ/b
dq
pi∫
0
dψ
cos (qr cos (θ − ψ))
q + ηK |sinψ| , (46)
and details of the RG ensure that we need only consider
dG/d` as `→ 0 (b→ 1), i.e.
dG0,f
d`
=
1
4pi
2pi∫
0
dψ
cos
(
r
α cos (θ − ψ)
)
1 + αηK |sinψ| , (47)
evaluated either at r = 0, or integrated directly over θ,
which we can therefore shift by ψ. In either case, the
numerator’s dependence on ψ is eliminated, and we find
a simple relation to the dissipationless result:
dG0,f
d`
(x, τ, η) = ν (αηK)
dG0,f
d`
(x, τ, η = 0) , (48)
where
ν (z) =
1
2pi
2pi∫
0
dψ
1
1 + z |sinψ| (49)
=
1√
1− z2
(
1− 2
pi
tan−1
[
z√
1− z2
])
, (50)
which has important limits ν (0) = 1, ν (1) = 2/pi, and
ν (z)→ 0 as z →∞.
Thus, the various couplings of this theory flow accord-
ing to
dη
d`
= η (51)
dλm
d`
=
(
2− m
2K
4
ν (αηK)
)
λm (52)
dK−1
d`
= piν (αηK)C0 (K)m
2λ2m , (53)
where C0 (K) is strictly positive function: it can be re-
covered from the η = 0 case, but its precise form is unim-
portant.
Compared to the usual RG flow with η = 0, here, we
see that dissipation is strictly relevant, with η diverging
exponentially as the RG is run. The other two couplings,
the stiffness (Luttinger parameter) K and strength of
the harmonic perturbation λm initially follow the usual
Kosterlitz-Thouless flow until η approaches the cutoff,
Λ = 1/α, as can be seen in Fig. 1. For η & Λ/10, the
harmonic terms become relevant for increasing ranges of
K. Throughout, the overall strength of the Luttinger
liquid action (1), K−1 also grows, with the rate of growth
slowed as η increases.
Referring to (50), for αηK = 1, ν will only have de-
creased in value from unity to 2/pi compared to the η = 0
value; this gives the impression that any interesting ef-
fect due to dissipation only occurs asymptotically late in
the RG. However, due to the dependence of ν on K as
well, dramatic changes occur when αη approaches unity,
as depicted in the bottom right of Fig. 1, whereupon the
critical value of K−1 for λm is suppressed tenfold com-
pared to η = 0. If η is allowed to grow beyond the cutoff,
only extremely large values of K can prevent harmonic
terms from being relevant; for η  1/α, K ceases to flow
entirely, and (52) becomes
dλm
d`
→ 2λm , (54)
such that all harmonic terms are relevant.
VII. CONCLUSION
In summary, we have investigated the effect of a dis-
sipative bath on the properties of the Luttinger liquid.
We argued that the effective contribution to the Lut-
tinger liquid action corresponding to Ohmic dissipation
8captures the generic, relevant physics of CL baths. For
this action, we computed two-point correlation functions
non-perturbatively and for arbitrary temperature, find-
ing evidence that dissipation makes the system vulnera-
ble to localizing potentials. We later confirmed this using
an RG analysis of generic harmonic terms, which we find
to be more relevant under coarse-graining in the presence
of dissipation, if not always relevant. For a wide range of
parameters, the physics of the Luttinger liquid is altered
substantially. Finally, a simple transport calculation re-
veals that dissipation destroys the perfect conductivity
of the Luttinger liquid even in the absence of any spatial
potentials or disorder, via Zeno localization. All of these
findings show that the bath effectively enhances localiza-
tion in this interacting quantum system, in contrast to
the usual intuition from Markovian baths that decoher-
ence ought to make a system less localized.
These surprising results invite follow-up study, which
should be facilitated by the exact correlation functions
presented here. Given the increased importance of har-
monic terms in the presence of dissipation, one direction
for follow-up work is to examine the temporally-nonlocal
harmonic terms generated by integrating out the bath.
Also, consideration of higher-body correlations, special-
ization to physical applications, and higher dimensions
may be of interest.
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Appendix A: Derivation of correlation function
This section details the calculation of the correlation
function G (x, τ) for the Luttinger liquid with dissipation,
for any temperature. Starting from (13), we take L→∞
by necessity, and restricting to the Ohmic case J (k, ω) =
η |ω|, we have
G (x, τ) =
iu
4pi
∞∫
−∞
dk
∮
dz
hB (z) cos (kx− iτz)
z2 − u2k2 − uKη |z| , (A1)
where z = iω as usual, and using the shorthand η˜ ≡
Kη/2 (17), the denominator of (A1) has zeros at z∗± =
±uZk, with
Zk = η˜ +
√
η˜2 + k2 , (A2)
which follows straightforwardly from setting z = Reiψ
and solving z2 = u2k2 + uKη |z|, where the RHS of that
expression is real, constraining ψ = npi/2.
Contour integration over z returns the residues from
poles of hB , reproducing the sum over discrete Matsubara
frequencies, as well as residues corresponding to the poles
at z∗±. This quantity vanishes when taken along the great
circle |z| → ∞, and thus the Matsubara sum is equal
to minus the contribution from the z∗± poles, as for the
‘closed’ Luttinger liquid. However, in the ‘open’ case, the
poles of the denominator of (A1) do not simply give Z−1k ,
as was the case for η = 0 whence Zk = k. The result is
G (x, τ) =
∞∫
0
dk
cos (kx)√
η˜2 + k2
×
{
nB (uZk) cosh (uτZk) +
1
2
e−u|τ |Zk
}
(A3)
where Zk is strictly positive, and reduces to k as η →
0. We can massage the term in braces, noting that
cosh (uτZk) = cosh (u |τ |Zk) = 12
∑
± e
±u|τ |Zk , and that
nB (uZk) =
1
eβ~uZk − 1 =
∞∑
m=1
e−mβ~uZk (A4)
meaning all of the terms in curly braces in (A3) can be
written in the form e−A·uZk . Explicitly, the braced term
is
1
2
{
e−u|τ |Zk +
∑
±
∞∑
m=1
e−u (mβ~±|τ |)Zk
}
, (A5)
which simplifies the integration procedure substantially,
as all of these terms have the same general form. For
T = 0, i.e. β → ∞, the latter term is simply zero. We
rewrite (A3) in the generic form
G (x, τ) =
1
2
∑
σ
∞∫
0
dk
cos (kx)√
η˜2 + k2
e−A
(τ)
σ Zk , (A6)
where the τ -dependent coefficients Aσ reproduce the
terms in (A5), indexed by σ.
We next invoke hyperbolic substitution, k ≡
η˜ sinh (λ), and therefore dk = η˜ cosh (λ) dλ and Zk →
η˜ (1 + cosh (λ)), and the integral in (A6) becomes
∞∫
0
dλ cos (η˜x sinh (λ)) e−η˜A
(τ)
σ (1+cosh(λ)) , (A7)
and we then invoke a Taylor expansion for the cosine, i.e.
G (x, τ) =
1
2
∑
σ
e−η˜A
(τ)
σ
∞∑
n=0
(−1)n (η˜x)2n
(2n)!
×
∞∫
0
dλ sinh2n (λ) e−η˜A
(τ)
σ cosh(λ) . (A8)
9At this point, we make use of a particular integral rep-
resentation of the modified Bessel function of the second
kind,
Kn (z) =
pi1/2 (z/2)
n
Γ
(
n+ 12
) ∞∫
0
dt [sinh (t)]
2n
e−z cosh(t) , (A9)
or written more usefully,
(2n)!
(2z)
n
n!
Kn (z) =
∞∫
0
dt [sinh (t)]
2n
e−z cosh(t) , (A10)
which we can use to express (A8) exactly as
G (x, τ) =
∑
σ
∞∑
n=0
e−η˜A
(τ)
σ
2n!
(−η˜ x2
2A
(τ)
σ
)n
Kn
[
η˜ A(τ)σ
]
,(A11)
where A
(τ)
σ are summed over A (τ) = α + u |τ | and
Am,± (τ) = u (mβ~± |τ |) for positive integers m ≥ 1,
and we have reinstated α as it would appear had we
included the usual convergence factor e−iωα/u starting
from (A1). Strictly, this convergence factor ought to be
included, as is standard practice even in the dissipation-
less limit. Unlike the η = 0 case, for η > 0 all integrals
converge, giving exact results, except at τ = 0, necessi-
tating the convergence factor in the ω integral. Finally,
for T = 0, only the former, β-independent term appears
in (A11).
Appendix B: Evaluating G (0, 0)
The evaluation of the more generic correlation function
F (x, τ) requires knowledge of G (0, 0), which requires the
α-dependent versions of A
(τ)
σ in the previous section. We
will take α → 0 wherever safe. Regarding (A11), note
the limit x → 0 can be taken safely, and only the n = 0
term remains:
G (0, 0) =
∑
σ
e−η˜A
(0)
σ
2
K0
[
η˜ A(0)σ
]
, (B1)
where now the sum over σ of the terms A
(0)
σ corresponds
to the terms A = α and Am,± = α+umβ~→ umβ~, i.e.
G (0, 0) =
1
2
K0 [η˜α] +
∞∑
m=1
e−η˜umβ~K0 (η˜umβ~) , (B2)
where only the first term survives at T = 0, and we have
already taken the α → 0 limit where safe. Referring to
the exact series expansion for K0 (z), we note that the
limit z = η˜α → 0 can be taken safely in the majority of
terms, resulting in
lim
z→0
K0 (z) = −γ − lim
z→0
ln
(z
2
)
, (B3)
where γ ≈ 0.577216 is the Euler-Mascheroni constant.
Appendix C: Matching the closed case for η → 0
Also note that inserting the form of the expansion of
Kn for arbitrary index n about zero argument into (A11),
and taking the limit η˜ ∝ η → 0 of η˜nKn recovers exactly
the results for the closed case31. We recover from (A11)
in the limit η˜ → 0
lim
η˜→0
G (x, τ) =
−1
2
∑
σ
{
γ + ln
(
η˜
2
)
+
1
2
ln
(
A2σ (τ) + x
2
)}
, (C1)
with A
(τ)
σ defined as before.
For T = 0, we have only one allowed configuration σ
that corresponds to a non-vanishing term, with A
(τ)
σ →
α+ u |τ |. Thus, in this limit (C1) becomes
lim
η˜,T→0
G (x, τ) = −1
2
lim
η˜→0
ln
(
η˜
2
)
−
γ
2
− 1
4
ln
[
(α+ u |τ |)2 + x2
]
, (C2)
which resembles the result i for the closed case31, though
matching divergent constants is murky at best. However,
we note that
lim
η˜,T→0
G (0, 0) = −γ
2
− 1
2
lim
η˜→0
ln
(
η˜ α
2
)
, (C3)
and using now the formula for F (15) in combination
with (C1), we have for T = 0:
lim
η˜,T→0
F (x, τ) =
1
2
ln
[
u2 |τ |2 + x2
α2
]
, (C4)
in perfect agreement with the standard result31. At finite
temperature, this procedure is more cumbersome, and
we content ourselves with the benchmark (C4) as ample
validation of our results for η 6= 0.
Appendix D: Expansion for small η
Moving slightly beyond η = 0 may provide some in-
sight. We restrict here to T = 0; while one can certainly
repeat this procedure at finite temperature, it affords lit-
tle insight beyond the exact results. Looking at the def-
inition of G (x, τ) (16),
G (x, τ) =
∞∑
n=0
e−η˜ u|τ |
2n!
(−η˜ x2
2u |τ |
)n
Kn [η˜ u |τ |] ,
we can re-write this as
e−z
2
∞∑
n=0
(−1)n
2n n!
( x
u τ
)2n
[znKn (z)] , (D1)
where z = η˜ u |τ | is a useful shorthand, as we will take
the z → 0 limit (recall η˜ ∝ η (17)). Note that the limit
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η → 0 is unimportant to the evaluation of G (0, 0) in
Appendix B.
Regarding (D1), we now evaluate the summand to or-
der z2 as z → 0 (ignoring for now the term e−z), not-
ing that the Modified Bessel function Kn (x) has a well
known Maclaurin series in z. We have at zeroth order
the terms recovered Appendix C,
e−η˜u|τ |
2
(
−γ − ln
[
η˜
2
]
− 1
2
ln
[
x2 + u2τ2
])
, (D2)
the latter obtaining from contributions for terms at all
n. The lowest terms arising from the summand at non-
trivial order are proportional to η˜2, i.e.
η˜2
8
(
x2 + u2τ2
){
1− γ + ln 2− 1
2
ln
[
x2 + u2τ2
]}
,(D3)
where we have dropped the overall exponential term
above, and γ is the Euler-Mascheroni constant in both
(D2) and (D3). Notably, at low order only the overall
factor of e−η˜u|τ | spoils the conformal invariance present
without dissipation (the invariance is not present in each
term in the summand of (D1) individually, but is re-
stored by the various contributions from different terms
at a given order in η).
We have then for the correlation function F (x, τ) the
following, expanding now the exponential decay term in
η as well:
F (x, τ) =
1
2
ln
[
x2 + u2τ2
α2
]
+
(
η˜2u2τ2
2
− η˜u |τ |
)(
γ + ln
[
η˜
2
]
+
1
2
ln
[
x2 + u2τ2
])
+
η˜2
4
(
x2 + u2τ2
)(
γ − 1− ln 2 + 1
2
ln
[
x2 + u2τ2
])
,
(D4)
where the term on the RHS of the first line corresponds
to η = 0, and we note that ηz ln η → 0 as η → 0 for
positive z, which eliminates the ln η˜ term in the second
line.
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